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Objective

Target density: π ∝ exp(−F ).
Objective: Generate n particles (X1, . . . , Xn) s.t.

1

n

n∑
i=1

δX i ≃ π

δx: dirac measure in x.
Example with a Gaussian mixture centered in

m1,m2:

We use F (x) = ∥x−m1∥2 + ∥x−m2∥2 and gener-ates n particles (in red).

Noisy Stein Variational Gradient
Descent (NSVGD) Algorithm

NSVGD algorithm
n interacting particles X i

k, . . . , X
n
k ∈ Rd. For every

i ≤ n and k ∈ N:
X i,n

k+1 = X i,n
k

Langevin regularisation︷ ︸︸ ︷
−λγk∇F (X i

k) +
√

2λγkξ
i
k

−γk
n

∑
j∈[n]

(
K(X i

k, X
j
k)∇F (Xj

k)−∇2K(X i
k, X

j
k)
)

︸ ︷︷ ︸True SVGD
.

• (ξik) ∼i.i.d. N (0, Id)

•K: kernel, for instance, K(x, y) = exp(−∥x− y∥2)
• γk → 0: step size
•λ ≥ 0: mixture weight

Stein Variational Gradient Descent (SVGD) =NSVGDwith λ = 0.
Example with a Gaussian mixture centered in

m1,m2:

We use F (x) = ∥x−m1∥2 + ∥x−m2∥2 and gener-ates n particles (in red).

k → ∞

Particles system

n interacting particles X1(k), . . . , Xn(k) ∈ Rd in
discrete-time:
Xi(k+1) = Xi(k)+

γk
n

n∑
i=1

b(Xi(k), Xj(k))+
√
γkξi(k+1)

• ξi(k) ∼ N (0, σId): i.i.d. sequence
• γk: step size

Empirical measure

µn
k :=

1

n

n∑
i=1

δXi(k)

δx: dirac measure in x.
Objective

Find convergence of the discrete-time empiricalmeasure µn
k to McKean-Vlasov stationary measureswhen both (k, n) → (∞,∞)

Existing result: convergence of µn
k known in case n =

∞ (or k ≪ n )

Application 1: Monte Carlo
methods

Aim: generate n particles according to a target dis-
tribution having density π

k → ∞

SVGD: Stein Variational Gradient Descent (Liu
(2016))

• b(x, y) = K(x, y)∇ log(π)(y) +∇2K(x, y)

• σ = 0

K: kernel, for instance, K(x, y) = exp(−∥x− y∥2)

Result (Salim (2022)): µ∞
k −−−−−→

k→∞
π

Problem: Assuming n = ∞ is not practical
Question: Do we have convergence in the doubleregime (k, n) → (∞,∞)?

µn
k −−−−−→

(k,n)→(∞,∞)
π

Application 2: Neural Networks

Wxl ŷ(xl)

φ

φ Xn

X1

l = 1, . . . , N

Objective: find the minimizers of the risk:
R(X1, . . . , Xn) :=

∑N
l=1(ŷ(xl)− yl)

2

(Stochastic) Gradient Descent: Xi(k + 1) = Xi(k) +
γk∇Xi

R(X1(k), . . . , Xn(k))

Interpret the risk as a function on P(Rd) (probabilitymeasures on Rd)
R(µn

k) = R(X1(k), . . . , Xn(k))

Idea (Chizat, Rotskoff, Mei (2018))
Continuous time: µn

t

µn
t shadows gradient flow of R on P(Rd) : ∂tµt =

−∇R(µt)

Result: µn
t −−−−−→

(t,n)→(∞,∞)
argminR(µ)

Question: What about the convergence of the trueStochastic Gradient Descent:
µn
k −−−−−→

(k,n)→(∞,∞)
argminR(µ)

Result

L: limit set of McKean-Vlasov measures
L = { lim

n→∞
Pxtn, (tn) → ∞}

Theorem
Assumptions: stability conditions, γk → 0 and∑∞

k=1 γk = ∞

µn
k

P
−−−−−→

(k,n)→(∞,∞)
L

SVGD: L = {π}

Neural networks: L = {argminR(µ)}

Sketch of proof

Xi(t): linear interpolation of the discrete-time pro-cess Xi(k)

Shifted occupation measure of the particles:
(Θt)#m

n :=
1

n

n∑
i=1

δXi(t+·) ∈ P(C([0,∞[,R])).

Stability condition =⇒ the distributions of
((Θt)#m

n)t,n are tight in P(P(C([0,∞),R)))

Tightness
There exists a subequence (tn, φn) → (∞,∞) anda measureM ∈ P(P(C([0,∞[,R])) such that:

(Θtn)#m
φn

distribution
−−−−−→ M .

To characterize the limiting measures as McKean-
Vlasov distributions, we use the martingale problem.

Limiting measures

Assumption: (Θtn)#m
φn

distribution
−−−−−→ MFor all m ∈ P(C([0,∞[,R]) M-a.e., m is aMcKean-

Vlasov Distribution:∫ (
ϕ(xt)− ϕ(xs)−

∫ t

s

L((πu)#m)(ϕ)(xu)

) r∏
j=1

hj(xtj)dm(x) = 0 ,

for all functions ϕ, h1, . . . , hr bounded and
t1, . . . , tr < s < t.
(πu)#m: pushforward of the measurem by the co-ordinate function πu

L(µ)(ϕ)(x) =
∫
⟨b(x, y),∇ϕ⟩ dµ(y) + σ2∆ϕ(x) (In-

finitesimal generator)


