Long-time asymptotics of noisy SVGD outside the population limit
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Objective

Target density: m o exp(—F).
Objective: Generate n particles (X, ..., X") s.t.

%;5)@2#

). dirac measure in z.

Example with a Gaussian mixture centered in
1, Mo,

We use F(z) = ||z — mq||* + ||z — my|” and gener-
ates n particles (in green).

Noisy Stein Variational Gradient
Descent (NSVGD) Algorithm

NSVGD algorithm

n interacting particles X!, ..., X" € R% For every
i <nand k € N;

Langevin regularisation

X = X" =M VE(X]) 4+ /208,
S~ (et XV R — VK (X))
J€[n]
True SVGD

® (&) ~iia N(0,Iy)

e K: kernel, for instance, K (z,y) = exp(— ||z — y||*)
e v, — 0: step size

e )\ > (: mixture weight

Stein Variational Gradient Descent (SVGD, Liu
(2016)) = NSVGD with A = 0.

Example with a Gaussian mixture centered in
T, Mo,

Initialize the particles (X, ...
sian distribution (in red).

, X)) from a Gaus-

Algorithm convergence

Empirical measure of NSVGD at time k&

We want m >~ .

® /- n atoms o

e 1: density
Gradient algorithm: & — oc.

Question

At what rate must (k,n) — (0o, 00) so that
pl — mw?

What does the user do?
e They fixn and let £ — oc.

e They increase n if the result is not good
enough.

Regime of interest: (k,n) — (00,00) with
n < k.

Literature review

For SVGD (NSVGD with A = 0):

Low value of &k | Large value of &

o Al < d(pEm) =0
Korba (2020) Salim (2022)

n ¢ 277?

D~ o d(pg,m) < 7

with & < ¢(n) Regime of interest

Shi (2024): ¢(n) = loglog(n).

Carrillo (2023), Banerjee (2024): ¢ polyno-
mial in n.

d: metric on measures (Kernel Stein Dis-
crepancy, Wasserstein distance W)

Main results

<" = {Accumulation points of (u});}. That
s, for every i € ", there exists a sequence
(ki) — oo such that Wh(u, u) — 0 asi —
.

Theorem 1
F' strongly convex and )\ > 0:

In other words:
lim P( sup Wh(u",m) >¢) =

Averaged empirical measure:

NSVGD converges in the regime k >> n.

The regularization

NSVGD: Mixture of the Langevin and
SVGD algorithm:

e \ < 1: NSVGD ~ SVGD.

e )\ > 1: NSVGD ~ Langevin algo-
rithm.

SVGD'’s Spurious measure
r, S.t. VF(x,) = 0:

i = 0z, == VD [y = Hy; -

With A > 0, such spurious stationary
distributions do not exist.

Particle Collapse

In high dimensions d > n:

e The empirical measure p} con-
verges to a Dirac measure for SVGD.

e There is no particle collapse for
NSVGD when X\ > 0.

Dimension-avera ged Marginal Variance vs. Dimension with RBF Kernel
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Sketch of proof

X!: linear interpolation of the discrete-time
process X;.

We study the occupation measure of the par-
ticles:

i = =3 6y, € PO(0, 00| RY)),

Stability condition = the distributions of
(m™):,, are tight in P(P(C(|0,00), R)))

Tightness

From every sequence (t,,¢,)  —
(00, 0), there exists a subequence

(tn,on) —  (00,00) and a measure
M € P(P(C(]0, 00|, R])) such that:

distribution

s M .

To characterize the limiting measures, we
introduce the set V, of McKean-Vlasov dis-
tributions.

McKean-Vlasov Distribution

V5 is the set of probability measures p €
P(C([0, ), R)) that are the pathwise laws
of strong solutions X, to the Stochastic
Differential Equation (SDE):

Langevin regularisation
e

dX; = —A\VF(X,) dt + V2 dB,
- / K(X y) V() — VoK (X )] dory).
(L AEEESS——S—S—S—S————_————

True SVGD
where p; is the time-t marginal of p (i.e.,
the law of X;), and (B;);>¢ is a Brownian
motion.

We characterize the limiting measure M.

Propagation of chaos

M(Vy) =1.

In other words, the accumulation points
of (m});,, exists in every regime (t,n) —
(00, 20) and are McKean-Vlasov distribu-
tions.

The lemma that states that the McK-
ean-Vlasov distributions converge to «
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Descent Lemma
For p € V,, if p; has a density for every ¢:

KL(p¢||m) — KL(pol[7)

- / (Zutein(psllm) + AT (p,||m)) dis.

where

L) i= [ 7108 (52)

and

Istein(,UJ| ‘W) :

where P, == [ K(y)f(y) du(y)
|||,;: norm in the RKHS generated by K.

A >0 = p; has a density for every t > 0.
The ergodic occupation measure is defined as

1 t
M = [ b ds € PPIC(D,50) BY).
0
For a bounded continuous function f and
T > 0,

/ Flor) AM(p) = / Floo) AM(p)

for large t. This means that the limiting mea-
sures of the ergodic occupation measures
are time-shift recurrent.

The Descent Lemma implies:

0= / KL(py||7r) — KL(po||7) dM(p)

= [ | @aenlplim) + 2 T(o.l1m) ds ad(p),

almost surely for any accumulation point M
of (Mtn)t,n-
Since,

Lstein(p||m) = 0 and - Z(pf|m) = 0,

with equality if and only if 4 = 7, the mea-
sure M is supported on a unique measure p
such that p;, = 7 for every t > 0.

In other words, the accumulation points of
(7). are, almost surely, equal to .



